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Convergence Analysis of a Complex LMS Algorithm
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Abstract—Often one encounters the presence of tonal noise in
many active noise control applications. Such noise, usually gener-
ated by periodic noise sources like rotating machines, is cancelled
by synthesizing the so-called antinoise by a set of adaptive filters
which are trained to model the noise generation mechanism. Per-
formance of such noise cancellation schemes depends on, among
other things, the convergence characteristics of the adaptive algo-
rithm deployed. In this paper, we consider a multireference com-
plex least mean square (LMS) algorithm that can be used to train
a set of adaptive filters to counter an arbitrary number of periodic
noise sources. A deterministic convergence analysis of the multiref-
erence algorithm is carried out and necessary as well as sufficient
conditions for convergence are derived by exploiting the properties
of the input correlation matrix and a related product matrix. It is
also shown that under convergence condition, the energy of each
error sequence is independent of the tonal frequencies. An optimal
step size for fastest convergence is then worked out by minimizing
the error energy.

Index Terms—Active noise control (ANC), convergence analysis,
least mean square (LMS) algorithm.

I. INTRODUCTION

ACTIVE noise control (ANC) ([1], [2]) is an established
procedure for cancellation of acoustic noise where first a

model of the noise generation process is constructed, and then
using that model, the so-called antinoise is synthesized that
destructively interferes with the primary noise field and thus,
minimizes its effect. Of the several applications of ANC studied
so far, a case of particular interest is the cancellation of periodic
noise containing multitonal components generated by rotating
machines. Typical examples include propeller aircrafts, motor-
boats, vessels etc. that employ multiple engines, which may
not remain synchronized perfectly and thus, may have varying
speeds of rotation. The references ([3]–[5]) provide an account
of major recent developments in this area. The active noise
controller for such noise sources is illustrated in Fig. 1. There
are independent noise sources representing rotating ma-
chines. Usually, the acoustic noise produced by each machine
is narrowband, being dominated by a single tone frequency and
is modeled as being generated by passing a sinusoid through
a LTI filter. Synchronization signal, usually provided by a
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tachometer, provides information about the rotational speed
of each machine and is used to generate sinusoidal reference
signals. Each reference signal is filtered by an adaptive filter
separately and the combined output of all the adaptive filters
is used to drive a loudspeaker. The error microphone shown is
used as an error sensing device to detect the noise difference
between the primary noise and the secondary noise produced
by the loudspeaker and to convert this differential noise into an
electrical error signal which is used to adjust the adaptive filter
weights. The weight adjustment is done iteratively so that in the
steady state, the loudspeaker produces an output that has the
same magnitude but opposite phase vis-a-vis the primary noise,
thus resulting in ideal noise cancellation. Under such situation,
the adaptive filters are seen to model each noise source exactly.

The adaptive filter algorithm analyzed in this paper for multi-
tonal noise cancellation purpose as explained above is the least
mean square (LMS) algorithm [6], which is well known for its
simplicity, robustness, and excellent numerical error character-
istics. Recently, for the special case of two independent noise
sources (i.e., ), a twin-reference complex LMS algorithm
has been analyzed for convergence in [3]. This analysis first
considers the 2 2 deterministic input correlation matrix and
using its eigenvectors, constructs a product matrix that turns out
to be time invariant. The eigenvalues of the product matrix are
then evaluated explicitly as functions of the algorithm step size
and convergence conditions on the step size are established by
restricting the magnitude of each eigenvalue to lie within one.
Such an approach, however, cannot be generalized to the case
of an arbitrary number of noise sources, since for higher orders,
the eigenvalues become intractably complicated functions of the
step size and the noise frequencies.

In this paper, we present an alternative approach to the con-
vergence analysis of a multireference complex LMS algorithm
that processes reference signals where can be any integer.
The analysis, like [3], is a deterministic one and to the best of
our knowledge, is the first attempt to determine the convergence
condition for a general multireference active noise controller.
For this, first the eigenstructure of the input correlation matrix
is examined to determine its general form. Next, using this, it
is shown that for the multireference case too, the product
matrix is a time invariant one, even though the input correla-
tion matrix in this case does not have a unique eigen decompo-
sition unlike the twin-reference problem. The properties of the
product matrix are then explored further to show finally that the
norm of the weight error vector approaches zero with time, if
and only if the step size is chosen from within certain range. An
optimal step-size for fastest convergence is then worked out by
minimizing the energy of the error sequence which is seen to
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be independent of the tonal frequencies and dependent only on
the step-size and the number of tonal components . The claims
regarding convergence condition and optimal step size are then
verified by simulation studies.

The paper, like [3], however, assumes the secondary path be-
tween the loudspeaker and the error microphone to have unity
gain and zero phase shift—an ideal assumption that may not
always be met exactly in practice, specially when the separa-
tion between the loudspeaker and the error microphone is large
enough to give rise to an acoustic path with nonnegligible prop-
agation delay and also when the frequency response of the loud-
speaker, the power amplifier and the anti-aliasing filter have dis-
torting influence on the tonal components. In such cases, mod-
ifications in the LMS algorithm are required to take into ac-
count the nonideal nature of the secondary path, resulting in the
usage of the so-called filtered-x LMS algorithm ([1], [2], [8])
rather than the standard LMS algorithm. A deterministic con-
vergence analysis for the filtered-x LMS algorithm is, however,
much more complicated than the one presented above and has
not been addressed in this paper.

The organization of this paper is as follows : Section II
presents the multiple reference complex LMS algorithm and
Section III provides its convergence analysis in detail. Simula-
tion studies and concluding remarks on the salient aspects of our
treatment and observation are given in Section IV. Throughout
the paper, matrices and vectors are denoted, respectively, by
boldfaced uppercase and lowercase letters, while characters
which are not boldfaced denote scalars. Also, , , and
are used to indicate simple transposition, Hermitian transposi-
tion and complex conjugation, respectively, and denotes
the norm of the vector involved.

II. MULTIPLE REFERENCE LMS ALGORITHM

The filtering processes involved in the multiple reference ac-
tive noise canceller of Fig. 1 are shown in Fig. 2, where a set of

reference signals , ,
are filtered by complex valued, single tap adaptive filters si-
multaneously. The reference signal , is gen-
erated from the speed information for the th rotating machine,
usually provided by a tachometer. The frequency is given
by , , where is the sampling fre-
quency adopted and is the analog frequency given in Hertz.
The noise generated by, say, the th rotating machine is modeled
as being produced by a filter driven by the single tone

. In other words, the electrical equivalent of the overall
noise generated is given by . The
output from the adaptive filters are added to form the signal

. Then, assuming the overall transfer function between the
loudspeaker and the error microphone, including power ampli-
fiers, analog anti-aliasing filters and sample and hold to be unity
[3], is subtracted from to generate the error signal

which provides the discrete time, electrical equivalent of
the error microphone output. The error signal is used to adapt
the filter weights by the so-called complex LMS algorithm [6].
An underlying assumption of the present treatment is that the
frequencies are distinct, i.e., for . Otherwise, the

Fig. 1. Physical model of a multireference active noise controller for
cancelling multitonal acoustic noise.

Fig. 2. Adaptive filtering involved in the multireference acoustic noise
controller.

problem becomes degenerate since in a situation where
frequencies are same, no more than
filters will be necessary to cancel the effect of the noise. Also,
similar to [3], we assume without loss of generallity that the
phase of each reference signal is zero and amplitude normalized
to unity.

Define the input vector and the filter weight vector
at the th index as

and . We then have
and . The

complex LMS algorithm is formulated by first considering the
instantaneous squared error function , which, in
the current context, is given by

(1)
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Then, denoting by the complex gradient vector ob-
tained by differentiating w.r.t. each tap weight, the weights
are updated by following a steepest descent search procedure, as
given by

(2)

where is the so-called step-size. The gradient
is given by

. Substituting in (2), we
obtain the multiple reference complex LMS algorithm as

(3)

The step-size is to be chosen appropriately for convergence of
the above iterative procedure. In Section III, we show that in the
context of the active noise controller with multiple, determin-
istic reference input as described above, a necessary and suf-
ficient condition for the corresponding LMS algorithm to con-
verge is given by : , or, equivalently,

, implying that should be chosen to satisfy : .

III. CONVERGENCE ANALYSIS OF THE MULTIPLE REFERENCE

LMS ALGORITHM

We define the optimal weight vector as
. The noise signal is then given

as . Ideally, we would want to converge
to in some appropriate sense. It is easy to see that if at any
index , we have , the algorithm converges com-
pletely, meaning and for all . Con-
ventionally, the input to the LMS algorithm as well as the de-
sired response are random processes and under such case, con-
vergence is reached in mean, i.e., for appropriate choice of the
step size, we have as . This, in turn, re-
quires the so-called “independence” assumption requiring sta-
tistical independence between and . However, for the
active noise controller being considered here, each input is a de-
terministic signal of a specific type, namely, complex sinusoid
of known frequency. Similarly, the desired response is a de-
terministic signal, being generated by a set of LTI filters acting
on deterministic input. Under such case, it is possible to carry
out a deterministic convergence analysis, without requiring the
“independence” assumption and by showing that for appropriate
choice of , actually approaches zero as , where

is the weight error vector at the th index and is given by
.

Substituting in (3) by , then re-
placing by and noting that ,
it is easy to obtain

(4)

where

(5)

Applying the recursion in (4) repetitively backward till
and denoting by the initial weight error vector, we have

(6)

Next, we consider the eigen decomposition of the Hermitian
matrix . Note that the eigen subspaces of and

are same. Further, the matrix is a rank
one matrix with two distinct eigenvalues, one of multiplicity
one given by and the other of multiplicity given
by zero. The eigen subspace corresponding to the eigenvalue

is the range space of and is spanned
by , whereas the eigen subspace corresponding to zero
eigenvalue is the null space of and has dimension

. Since the matrix is Hermitian, the null space and
the range space are mutually orthogonal. Denoting by ,

, a set of orthonormal vectors spanning
the null space of and by the unit norm vector

, we express as

(7)

where and

Substituting (7) in the matrix product in (6), we can write

(8)

Next we show that though the matrix is dependent on the
time index , the product matrix is time
invariant. For this, we first make the following observation.

Theorem 1: Any eigenvector of corresponding
to eigenvalue 1 is of the form :

, .
Proof: The proof of the theorem follows easily by con-

sidering a set of linearly independent vectors ,
, where

with constituting the th element. Clearly, each
is orthogonal to and thus the set ,
forms a basis for the null space of . Any vector
belonging to the null space of , or, equiva-
lently, to the eigen subspace of corresponding to
eigenvalue 1 is given by a linear combination of the vec-
tors , and, thus, is of the form :

. Hence proved.

Using theorem 1, we denote , as
: , with .
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Then, the matrix can be written as ,
where

(9)

and

(10)

It is then possible to observe the following:

• The matrix is unitary, i.e.,
for all .

• Since both and are unitary, the matrix is
also unitary, i.e., .

• The matrix can be written as :
,

where . Clearly, does not depend on
the time index .

• The matrix is unitary, i.e., .

We now use the above results to prove convergence of the
algorithm and to establish convergence condition. For this, we
first prove the following.

Theorem 2: For any nonzero , the last el-
ements (i.e., the th entries) of the following vectors :

cannot be zero simultaneously.
Proof: We prove by contradiction. Assume that the th

entry of each of the vectors : is zero. Now,
for , we have ,
where . Also note that each
entry of the last row of is given by . Therefore, if the

th element of is zero, we have , or, equiva-
lently

Since this is satisfied simultaneously for , we can
further write

(11)

where is a vector of zeros and

Note that the matrix can be written as , where

The matrix is a full rank Vandermonde matrix [7] since, as
per our initial assumption, with

, . From this and also from the fact that both
and are unitary, it follows that the only solution for

(11) is given by , which is a contradiction. Hence
proved.

Note : Though the above proof uses the fact that the entries in
the last column of are all equal , this is, however,
not necessary and the only condition required is that no element
in the last column of should be zero. In fact, (11) can be
written in the general case as , where is
a diagonal matrix with th diagonal entry given by ,

. Clearly, is full rank if , .
We use the above theorem to prove the following important

result.
Theorem 3: Given and any nonzero vector

, for .
Proof: First, we consider the vector . De-

noting the th entry of by , it is easily seen that
if , then since

. As is unitary, meaning , this im-
plies that . On the other hand, if , then

and thus . Conversely, it also follows
that if , then . Combining
the two cases, we observe which can be gener-
alized to include . Noting that

, we can write

(12)

We now prove the theorem by contradiction. Since, for ,
, it is sufficient to prove that .

Assume that there exists at least one nonzero vector
so that . From (12), it then follows that

(13)

First, we consider . As shown above, this implies
that and therefore, . Next, con-
sider , which can now be written as

. Using the previous logic, this implies that
and thus, . Proceeding like this up to

, we obtain, ,
which contradicts Theorem 2 since is nonzero. Hence proved.

We now show that given to be any nonzero vector,
if . First, if for any finite

integer , , is a zero vector under the condition
, then for all too, is a zero vector and

the statement is proved trivially. Such a situation arises when
is not full rank, meaning and is such a vector that
for some integer , , lies in the null space of
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Fig. 3. Learning curves for (a) � = 0:02. (b) � = 0:05. (c) � = 0:1, and (d) � = 0:25.

. To prove the convergence in the general case, we discount
this possibility and assume that for all integer , , is
nonzero, or, equivalently, we assume that either , or,
if , then does not belong to the null space of

for any integer . It then follows from Theorem 3 that
. Since norm of a vector is non-

negative, this along with (12) implies that .
Also, it is easy to verify that if then, in gen-
eral,
and for , , meaning that in such
case, . [When ,

for all ]. In other words, the con-
dition : is both necessary and sufficient for
convergence of the sequence to zero.

Substituting (8) in (6) and using the definition of the matrix
, we then write

(14)

Since is unitary, we have , where
. In the general case, is a nonzero vector

and therefore, from above, if and only if
, or, equivalently, . [When is a zero

vector, is zero trivially, which occurs when
is rank deficient, meaning and belongs
to the null space of .]

Finally, using the fact that for
, we make an interesting observation on

as given in the theorem below.
Theorem 4: Given ,

. In other words, is inde-
pendent of the frequencies , and depends only
on and .

Proof: First note that the error signal can be
written as

, as .
Next, from (4), we write,

. Substituting by as given
by (5) and using the above expression of , we can write

Applying the recursion on repetitively backward till
, we obtain

By letting approach infinity on both sides and recalling that for
, , it is then straightfor-

ward to write . Hence
proved.
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Fig. 4. Learning curves for (a) � = 0:35. (b) � = 0:42. (c) � = 0:46. (d) � = 0:5.

The above theorem can be used to determine the optimal
step size for fastest convergence as discussed in the following
section.

IV. SIMULATION STUDIES, DISCUSSION, AND CONCLUSIONS

In this paper, we have considered an active noise controller
for cancelling tonal acoustic noise and determined the conver-
gence condition for the multireference complex LMS algorithm
needed to train the controller with no restriction on the number
of reference signals. Interestingly, the convergence condition :

derived for unit power complex sinusoid input
is identical to the stochastic case where unit variance random
signals are filtered by a set of single tap LMS based adaptive
filters to estimate a desired random process. However, the de-
terministic convergence analysis ensures that in the absence of
modeling error and any observation noise, the magnitude of the
error signal actually approaches zero, while, in the stochastic
case, the filter coefficients converge to the optimal weights only
in the mean and thus a residual mean square error (mse) is ob-
served in the steady state mse. It is also interesting to observe
that a necessary and sufficient condition for

for any is that the spectral radius of , denoted by and
given by ( : eigenvalue of with highest magni-
tude) should satisfy [7]. Comparing the two conver-

gence conditions, both being necessary as well as sufficient, we
can then infer that , iff , where denotes
the th eigenvalue of , .

The reference signals for the LMS algorithm are assumed to
be of the form of unit magnitude complex sinusoid, whereas in
real life, a tonal signal is either a cosinusoidal or a sinusoidal
function of the time index . However, the tonal component

generated by one rotating machine can be modeled
as being generated by two systems, having input and
and gain of and respectively at frequency

. In our simulation studies, we considered two tonal noise
frequencies of 125 Hz and 250 Hz and a sampling frequency
of 1 kHz which gives rise to and . The
discrete time versions of the tonal acoustic noise considered
were of the form : and .
As per the formulation adopted in this paper, we then have

with and
the optimal weight vector .
The total tonal noise generated is given by and zero
mean, additive white Gaussian noise of variance
is added to it to constitute . The multireference LMS
algorithm is run for increasing values of in the range :

and is plotted vis-a-vis to obtain
the learning curves, as shown in Fig. 3 and 4. Additionally,
we also plot in dB (i.e., ) against
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Fig. 5. Learning curves in dB for (a) � = 0:05. (b) � = 0:1.

in Fig. 5 for and to show the presence of
residual error in the steady state contributed by the additive
white Gaussian noise.

An inspection of Fig. 3 and 4 reveals that there is certain range
of values of that gives rise to fastest convergence and as
deviates further and further from this range, the rate of conver-
gence deteriorates. Thus, in Fig. 3, it is seen that the conver-
gence speed improves as progressively takes the following
values : 0.02, 0.05, 0.1 and 0.25. On the other hand, Fig. 4
shows that as increases further and takes the values : 0.35, 0.42
and 0.46, the rate of convergence decreases and for ,
the algorithm does not converge. An explanation for this phe-
nomenon may be provided by recalling, from Theorem 4, that
the energy of the error sequence , under convergence con-
dition, is given by . It is easy to verify
that the function has a unique minima at

. Since, every converging is a decreasing function
of , the minimum energy error sequence, for all practical pur-
poses, will have speed of convergence higher than that of other
error sequences and thus provides the optimal step
size for fastest convergence. This explains how, in our simula-
tion studies, fastest convergence takes place at
as shown in Fig. 3(d) and how the convergence becomes slower
as deviates from this optimal value.
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