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Abstract—The proportionate normalized least mean square
(PNLMS) algorithm and its variants are by far the most popular adaptive filters that are used to identify sparse systems. The
convergence speed of the PNLMS algorithm, though very high initially, however, slows down at a later stage, even becoming worse
than sparsity agnostic adaptive filters like the NLMS. In this paper, we address this problem by introducing a carefully constructed
l1 norm (of the coefficients) penalty in the PNLMS cost function
which favors sparsity. This results in certain zero attracting terms
in the PNLMS weight update equation which help in the shrinkage
of the coefficients, especially the inactive taps, thereby arresting
the slowing down of convergence and also producing lesser steady
state excess mean square error (EMSE). A rigorous convergence
analysis of the proposed algorithm is presented that expresses the
steady state mean square deviation of both the active and the inactive taps in terms of a zero attracting coefficient of the algorithm.
The analysis reveals that further reduction of the EMSE is possible by deploying a variable step size (VSS) simultaneously with a
variable zero attracting coefficient in the weight update process.
Simulation results confirm superior performance of the proposed
VSS zero attracting PNLMS algorithm over existing algorithms,
especially in terms of having both higher convergence speed and
lesser steady state EMSE simultaneously.
Index Terms—Mean square deviation (MSD), PNLMS algorithm, sparse systems, variable step size, zero attractors.

I. INTRODUCTION
N real life, there exist many examples of systems that have a
sparse impulse response, having a few significant non-zero
elements (called active taps) amidst several zero or insignificant
elements (called inactive taps). One example of such systems
is the network echo paths [1], [2], which have a total echo response of about 64–128 ms duration out of which the “active”
region spans a duration of only 8–12 ms, while the remaining
“inactive” part accounts for bulk delay due to network loading, encoding and jitter buffer delays. Another example is the
acoustic echo channel caused by coupling between microphone
and loudspeaker in hands free mobile telephony [3]. Other well
known examples of sparse systems include HDTV where clusters of dominant echoes arrive after long periods of silence [4],
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wireless multipath channels which, on most of the occasions,
have only a few clusters of significant paths [5], and underwater acoustic channels where the various multipath components
caused by reflections off the sea surface and sea bed have long
intermediate delays [6]. The last decade witnessed a flurry of
research activities [7] that sought to develop sparsity aware
adaptive filters which can exploit the a priori knowledge of
the sparseness of the system and thus enjoy improved identification performance. The first and foremost in this category is
the proportionate normalized least mean square (PNLMS) algorithm [8] which achieves faster initial convergence by deploying
different step sizes for different weights, with each one made
proportional to the magnitude of the corresponding weight estimate. The convergence rate of the PNLMS algorithm, however,
slows down at a later stage of the iteration and becomes even
worse than a sparsity agnostic algorithm like the NLMS [9].
This problem was later addressed in several of its variants like
the improved PNLMS (IPNLMS) algorithm [10], composite
proportionate and normalized LMS algorithm [10] and mu law
PNLMS algorithm [12]. These algorithms improve the transient
response (i.e., convergence speed) of the PNLMS algorithm
for identifying sparse systems. However, all of them yield almost same steady-state excess mean square error (EMSE) performance as produced by the PNLMS. The need to improve
both transient and steady-state performance subsequently led to
several variable step size (VSS), proportionate type algorithms
[13]–[15].
In this paper, drawing ideas from [16], [17], we aim to improve the performance of the PNLMS algorithm further, by
introducing a carefully constructed l1 norm (of the coefficients)
penalty in the PNLMS cost function which favors sparsity. This
results in a modified PNLMS update equation with a zero attractor for all the taps, named as the zero attracting PNLMS
(ZA-PNLMS) algorithm. The zero attractors help in the shrinkage of the coefficients which is particularly desirable for the
inactive taps, thereby giving rise to lesser steady state EMSE
for sparse systems. Further, by drawing the inactive taps towards zero, the zero attractors help in arresting the sluggishness
of the convergence of the PNLMS algorithm that takes place at
a later stage of the iteration, caused by the diminishing effective
step sizes of the inactive taps. We show this by presenting a
detailed convergence analysis of the proposed algorithm, which
evaluates the steady state mean square deviations (MSDs) of
the active as well as the inactive taps separately, as function
of a zero attracting constant associated with the zero attractors.
Such an analysis is, however, a very daunting task, especially
due to the presence of a so-called gain matrix and also the zero
attractors in the update equation. To overcome the challenges
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posed by them, we deploy a transform domain equivalent model
of the proposed algorithm and separately, an elegant scheme of
angular discretization of continuous valued random vectors proposed earlier in [18]. The analysis reveals that further reduction
in the EMSE can be achieved (without affecting the convergence rate) by deploying a VSS in the weight update process.
However, due to the presence of the zero attractors, this requires the zero attracting coefficient associated with the zero
attractors to be updated time recursively. Detailed simulation of
all the proposed schemes are carried out and their performances
are compared with that of the PNLMS and other existing algorithms. The simulation results not only confirm the various
conjectures made in this paper about the proposed schemes, but
also validate superior performance of the proposed VSS ZAPNLMS algorithm over several existing schemes in terms of
having both higher convergence speed and lesser steady state
EMSE simultaneously.1
II. PROPOSED ALGORITHM
Consider a PNLMS based adaptive filter that takes x(n)
as input and updates a L tap coefficient vector w(n) =
[w0 (n), w1 (n), . . . , wL −1 (n)]T (superscript T indicates transposition) as [8]
w(n + 1) = w(n) +

μG(n)x(n)e(n)
xT (n)G(n)x(n) + δP

(1)

where x(n) = [x(n), x(n − 1), . . . , x(n − L + 1)]T is the input regressor vector, G(n) is a diagonal matrix that modifies
the step size of each tap, μ is the overall step size, δP is
a regularization parameter and e(n) = d(n) − wT (n)x(n)
is the filter output error, with d(n) denoting the so-called
desired response. In the system identification problem under
consideration, d(n) is the observed system output, given as
T
x(n) + v(n), where wopt is the system impulse
d(n) = wopt
response vector (supposed to be sparse), x(n) is the system input and v(n) is an observation noise which is assumed to be
white with variance σv2 and independent of x(m) for every pair
of indices n and m.
The matrix G(n) is evaluated as
G(n) = diag(g0 (n), g1 (n) . . . .gL −1 (n)),

(2)
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weight becomes very small, to avoid stalling of the corresponding weight update recursion, the respective Γl (n) is taken as
a small fraction (given by the constant ρg ) of the largest tap
magnitude. By providing separate effective step size μ gl (n) to
each lth tap where gl (n) is broadly proportional to |wl (n)|, the
PNLMS algorithm achieves higher rate of convergence initially,
caused primarily by the active taps. At a later stage, however,
the convergence slows down considerably, being controlled primarily by the numerically dominant inactive taps that have progressively diminishing effective step sizes [10], [12].
It has recently been shown [20] that the PNLMS weight update recursion (i.e., Eq. (1)) can be obtained by minimizing the
cost function ||w(n + 1) − w(n)||2G −1 (n ) subject to the condition d(n) − wT (n + 1)x(n) = 0 (the notation ||x||2A indicates
the generalized inner product xT Ax)). In order to derive the ZAPNLMS
algorithm, following
[16], we add an l1 norm penalty


γ G−1 (n)w(n + 1)1 to the above cost function, where γ is
a very small constant. Note that unlike [16], we have, however,
used a generalized form of l1 norm penalty here which scales the
elements of w(n + 1) by G−1 (n) first before taking the l1 norm
(the above scaling makes the l1 norm penalty governed primarily by the inactive taps). The above constrained optimization
problem may then be stated as
min  w(n + 1) − w(n) 2G −1 +γ  G−1 w(n + 1) 1

w (n +1)

(5)
subject to d(n) − wT (n + 1)x(n) = 0, where the short
form notation “G−1 ” is used to indicate G−1 (n). Using Lagrange multiplier λ, this amounts to minimizing the cost function J(n + 1) = w(n + 1) − w(n) 2G −1
+γ  G−1 w(n + 1) 1 +λ(d(n) − wT (n + 1)x(n)). Setting
∂J(n + 1)/∂w(n + 1) = 0, one obtains
w(n + 1) = w(n) − [γsgn(w(n + 1)) − λG(n)x(n)], (6)
where sgn(.) is the well known signum function, i.e., sgn(x) =
1 (x > 0), 0 (x = 0), −1 (x < 0). Premultiplying both the
left-hand side (LHS) and the right-hand side (RHS) of (6) by
xT (n) and using the condition d(n) − wT (n + 1)x(n) = 0,
one obtains
λ=

e(n) + γxT (n)sgn(w(n + 1))
.
xT (n)G(n)x(n)

(7)

Substituting (7) in (6), we have

where
Γl (n)
, 0 ≤ l ≤ L − 1,
gl (n) = L −1
i=0 Γi (n)

(3)

with
Γl (n) = max[ρg max[δ, |w0 (n)|, . . . ,
|wL −1 (n)|], |wl (n)|].

(4)

The parameter δ is an initialization parameter that helps to prevent stalling of the weight updating at the initial stage when all
the taps are initialized to zero. Similarly, if an individual tap
1 The paper expands an earlier conference presentation [19] by the authors by
providing detailed first and second order convergence analysis and new results
on VSS ZA-PNLMS.

e(n)G(n)x(n)
xT (n)G(n)x(n)


x(n)xT (n)G(n)
−γ I − T
sgn(w(n + 1)),
x (n)G(n)x(n)

w(n + 1) = w(n) +

(8)

where I is the L × L identity matrix. Note that the above equation does not provide the desired weight update relation, as
the RHS contains the unknown term sgn(w(n + 1)). In order to obtain a feasible weight update equation, we approximate sgn(w(n + 1)) by an estimate, namely, sgn(w(n)) which
is known. This is based on the assumption that most of the
weights do not undergo change of sign as they get updated.
This assumption may not, however, appear to be a very accurate one, especially for the inactive taps that fluctuate around
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zero value in the steady state. Nevertheless, an analysis of the
proposed algorithm, as given later in this paper, shows that
this approximation does not have any serious effect on the
convergence behavior of the proposed algorithm. Apart from
this, we also observe that in (8), any (i, j)th element of
)x T (n )G (n )
the matrix x(n
, i, j = 0, 1, . . . , L − 1, as given by
x T (n )G (n )x(n )
x(n −i)x(n −j )g j (n )
 L −1
,
2
r = 0 g r (n )x (n −r )

have magnitudes much less than 1, especially for large order filters, and thus, this matrix can be neglected in comparison to I.
From above and introducing the algorithm step size μ and
a regularization parameter δP in (8), for a large order adaptive
filter, one then obtains the following weight update equation:
μe(n)G(n)x(n)
w(n + 1) = w(n) + T
− ρsgn(w(n)),
x (n)G(n)x(n) + δP
(9)
where ρ = μγ.
Eq. (9) provides the weight update relation for the proposed ZA-PNLMS algorithm, where the second term on the
RHS is the usual PNLMS update term while the last term, i.e.,
ρsgn(w(n)) is the so-called zero attractor. The zero attractor
adds −ρsgn(wj (n)) to wj (n) and thus helps in its shrinkage
to zero. Ideally, the zero attraction should be confined only to
the inactive taps, which means that the proposed ZA-PNLMS
algorithm will perform particularly well for systems that are
highly sparse, but its performance may degrade as the number
of active taps increases. In such cases, Eq. (9) may be further refined by applying the reweighting concept [16] to it. For this, we
replace the l1 regularization term  G−1 w(n + 1) 1 in (5) by

1
a log-sum penalty Li=1 g i (n
) log(1+ | wi (n + 1) | /) where
gi (n) is the ith diagonal element of G(n) and  is a small
constant. Following the same steps as used above to derive the
ZA-PNLMS algorithm, one can then obtain the reweighted ZAPNLMS (RZA-PNLMS) weight update equation as given by
wi (n + 1) = wi (n) +
−ρ

μgi (n)x(n − i + 1)e(n)
xT (n)G(n)x(n) + δP

sgn(wi (n))
, i = 0, 1, . . . , L − 1,
1 + ε | wi (n) |
(10)

with ε = 1/ and the zero attracting constant ρ given by
ρ = μγε. The last term of (10), named as reweighted zero attractor, provides a selective shrinkage to the taps. Due to this
reweighted zero attractor, the inactive taps with zero magnitudes or magnitudes comparable to 1/ε undergo higher shrinkage compared to the active taps which enhances the performance
both in terms of convergence speed and steady state EMSE.
III. CONVERGENCE ANALYSIS OF THE PROPOSED
ZA-PNLMS ALGORITHM
A convergence analysis of the PNLMS algorithm is known
to be a daunting task, due to the presence of G(n) both in the
numerator and the denominator of the weight update term in
(1), which again depends on w(n). The presence of the zero
attractor term makes it further complicated for the proposed

ZA-PNLMS algorithm, i.e., Eq. (9). To analyze the latter, we
follow here an approach adopted recently in [21] in the context
of PNLMS algorithm. This involves development of an equivalent transform domain model of the proposed algorithm first. A
convergence analysis of the proposed algorithm is then carried
out by applying to the equivalent model a scheme of angular
discretization of continuous valued random vectors proposed
first by Slock [18] and used later by several other researchers
[22], [23].
A. A Transform Domain Model of the Proposed Algorithm
The proposed equivalent model uses a diagonal “transform”
1

1

1

matrix G 2 (n) with [G 2 (n)]i,i = gi2 (n), i = 0, 1, . . . , L − 1,
to transform the input vector x(n) and the filter coefficient vector w(n) to their “transformed” versions, given respectively as
1
1
s(n) = G 2 (n)x(n) and wN (n) = [G 2 (n)]−1 w(n). It is easy
T
(n)s(n) = wT (n)x(n) ≡ y(n) (say), i.e., the
to check that wN
filter wN (n) with input vector s(n) produces the same output
y(n) as produced by w(n) with input vector x(n). To compute
1
G 2 (n + 1) and wN (n + 1), the filter wN (n) is first updated to

a weight vector wN (n + 1) as


wN (n + 1) = wN (n) +

μe(n)s(n)
sT (n)s(n) + δP

− ρG− 2 (n)sgn(wN (n)).
1

(11)

From (9), it is easy to check that w(n + 1) is given by
1

w(n + 1) = G 2 (n)wN (n + 1). The matrix G(n + 1) follows
from w(n + 1) following its definition and wN (n + 1) is then
1
evaluated as wN (n + 1) = [G 2 (n + 1)]−1 w(n + 1). From
1
above, it follows that wN (n + 1) = G− 2 (n + 1)w(n +
1
1

1) = G− 2 (n + 1)G 2 (n)wN (n + 1), meaning [wN (n +
1

1)]i = [ g i g(ni (n+)1) ] 2 [wN (n + 1)]i , i = 0, 1, . . . , L − 1. Since
L −1
i=0 gi (n) = 1 and 0 < gi (n) < 1, i = 0, 1, . . . , L − 1, it is
reasonable to expect that gi (n) does not change significantly
from index n to index (n + 1), especially near convergence
and for large L, and thus, we can make the approximation
1
1


[gi (n)] 2 [wN (n + 1)]i ≈ [gi (n + 1)] 2 [wN (n + 1)]i , which

implies wN (n + 1) = wN (n + 1).
B. Angular Discretization of a Continuous Valued Random
Vector [18]
As per this, given a zero mean, L × 1 random vector x with
correlation matrix R = E[xxT ] (“E”: expectation operator),
it is assumed that x can assume only one of the 2L orthogonal directions, given by ±ei , i = 0, 1, . . . , L − 1, where ei
is the ith normalized eigenvector of R corresponding to the
eigenvalue λi . In particular, x is modelled as x = s r v, where
v ∈ {ei |i = 0, 1, . . . , L − 1}, with probability of v = ei given
by pi , r = ||x||, i.e., r has the same distribution as that of
||x|| and s ∈ {1, −1}, with probability of s = ±1 given by
P (s = ±1) = 12 . Further, the three elements s, r and v are assumed to be mutually independent. Note that as s is zero mean,
E[s r v] = 0 and thus E[x] = 0 is satisfied trivially. To satisfy E[xxT ] = R, the discrete probability pi is taken as pi =
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 −1
(Tr[R]: Trace of R), which satisfies pi ≥ 0, Li=0
pi =
T
2 2
T
2
T
1 and leads to E[xx ] = E(s r vv ) = E(r ) E(vv ) =
 −1
 −1
pi ei eTi = Li=0
λi ei eTi = R. Also note that if
Tr [R] Li=0
T
θi be the angle between x and ei , then cos(θi ) = x||x||e i and
i
E[cos2 (θi )] ≈ Trλ[R]
, meaning pi provides a measure of how far
x is (angularly) from ei on an average.
In our analysis of the proposed algorithm, we use the above
model to represent the transformed input vector s(n) as
λi
Tr [R]

s(n) = ss (n) rs (n) vs (n),

(12)

where, ss (n) ∈ {+1, −1} with P (ss (n) = ±1) = 12 , rs (n) =
||s(n)|| and vs (n) ∈ {es,i (n)| i = 0, 1, . . . , L − 1} with
λs , i (n )
T
P (vs (n) = es,i (n)) = Tr(S(n
)) , where, S(n) = E[s(n)s (n)],
λs,i (n) is the ith eigenvalue of S(n), and as before, the three
elements ss (n), rs (n) and vs (n) are mutually independent.
C. Convergence Analysis of the Proposed Algorithm in Mean
First, define the weight error vector w̃(n) = wopt − w(n)
and the transform domain weight error vector w̃N (n) =
1
1
G− 2 (n)w̃(n) ≡ G− 2 (n)wopt − wN (n). Then expressing
e(n) as e(n) = sT (n)w̃N (n) + v(n), the recursive form of
w˜N (n) can be written as
w̃N (n + 1) ≈ w̃N (n) −
−

sT

μs(n)sT (n)w̃N (n)
sT (n)s(n) + δP

1
μs(n)v(n)
+ ρG− 2 (n)sgn(wN (n)).
(n)s(n) + δP

(13)
For our analysis here, we approximate δP by zero in (13) as
δP is a very small constant. Also, we define the mean weight
vectors w̄N (n) = E[wN (n)] and w̄(n) = E[w(n)]. The first
order convergence of the proposed ZA-PNLMS algorithm is
then provided in the following theorem.
Theorem 1: With a zero-mean input x(n) of covariance matrix R, the ZA-PNLMS algorithm produces stable w̄N (n) and
also w̄(n) if the step-size μ satisfies 0 < μ < 2 and under this
condition, w̄N (n) and w̄(n) converge respectively as per the
following:

1
w̄N (∞) = lim w̄N (n) = E(G− 2 (n))∞ wopt
n →∞

−

ρ
Tr(S(∞))S−1 (∞)
μ

× lim E(G− 2 (n)sgn(wN (n))),
1

n →∞

(14)

and
w̄(∞) = lim w̄(n) = wopt
n →∞


1
× E(G 2 (n))∞ S−1 (∞)
1

n →∞

1

1

where S(n) = E(s(n)sT (n)) = E(G 2 (n)RG 2 (n)).

Proof: The proof has been uploaded in [24] and is not included here for brevity.

Corollary 1: For white input, w̄i (∞)(= limn →∞ E(wi (n)))
for the ith active tap (i.e., for which wopt,i = 0) is approximately
given by
ρ
(16)
w̄i (∞) = wopt,i − ḡi−1 (∞)sgn(wopt,i ),
μ
where ḡi (∞) = limn →∞ ḡi (n) and ḡi (n) = [E(G(n))]i,i .
Proof: For white input with variance σx2 , we have R =
2
σx I, S(n) = σx2 E(G(n)), Tr(S(n)) = σx2 and S−1 (n) =
1
−1
and then, we can have a simplified expression
σ x2 E(G(n))
of w̄(∞) as
ρ
w̄(∞) ≈ wopt − lim E(G(n))−1 E(sgn(w(n))), (17)
μ n →∞
where we have assumed that in the steady state as n → ∞,
1
G− 2 (n) and sgn(w(n)) become statistically independent
1
1
and E(G(n)− 2 ) ≈ E(G 2 (n))−1 , which is reasonable as
in the steady state, variance of each individual gi (n), i =
0, 1, . . . , L − 1 is quite small (i.e., it behaves almost like a
constant). Now, for an active tap with significantly large magnitude wopt,i , it is reasonable to approximate sgn(wi (n)) ≈
sgn(wopt,i ) under the assumption that in the steady state,
the variance of wi (n), i.e., E((wi (n) − wopt,i )2 ) is small
enough compared to the magnitude of wopt,i . Then, with
E(sgn(wi (n))) ≈ E(sgn(wopt,i )) = sgn(wopt,i ) for an active
tap in the steady state, the result follows trivially from (17). 
Corollary 1 shows that
⎧
ρ −1
⎪
⎨ wopt,i − μ ḡi (∞), if sgn(wopt,i ) > 0,
w̄i (∞) =
ρ
⎪
⎩
wopt,i + ḡi−1 (∞), if sgn(wopt,i ) < 0,
μ
which implies that w̄i (∞) is always closer to the origin visa-vis wopt,i . Further, the bias (i.e., usually defined as wopt,i −
w̄i (∞)) is also proportional to g¯i −1 (∞), meaning active taps
with comparatively smaller values will have larger bias and vice
versa.
In the case of inactive taps, we have wopt,i = 0. From (15)
and for ρ = 0 (i.e., no zero attraction), this implies w̄i (∞) = 0,
i.e., the tap estimates fluctuate around zero value. For ρ > 0, the
zero attractors come into play in the update equation (9) and act
as an additional force that tries to pull the coefficients to zero
from either side. The effect of zero attractor is thus to confine
the fluctuations in a small band around zero. On an average, one
can then take E(sgn(wi (n)))∞ ≈ 0, meaning, from (17), the
inactive tap estimates will largely be free of any bias.
D. Second Order Convergence Analysis of the
Proposed Algorithm

ρ
− Tr(S(∞))
μ

× lim E(G− 2 (n)sgn(w(n)),
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(15)

In this section, we restrict the input to be white with variance σx2 . The EMSE in this case is given by σx2 η(n) [9],
 −1
ηi (n) is the overall MSD and ηi (n) =
where η(n) = Li=0
E[(wi (n) − wopt,i )2 ], i = 0, 1, . . . , L − 1 is the MSD for the
ith tap. To evaluate the EMSE, we carry out an analysis of both
ηi (n) and η(n), and in particular, investigate the contribution
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of the active and the inactive taps in the overall steady state
MSD η(∞). The analysis uses the notations N Z and Z to indicate the index sets of active and inactive taps, respectively,
i.e., wopt,i = 0 for i ∈ N Z and wopt,i = 0 for i ∈ Z. It is then
possible to prove the following:
Theorem 2: With a zero-mean, white input x(n) of variance E(x2 (n)) = σx2 , the ZA-PNLMS algorithm produces stable M SD performance if the step-size μ satisfies 0 < μ < 2 and
the steady-state M SD ηi (∞) of active (i ∈ N Z) and inactive
(i ∈ Z) taps are given by
1) for active taps (i.e., i ∈ N Z):
ηi (∞) = ḡi (∞)
+

ρ2
μ2

σv2
μ
(2 − μ) r̂s2 (∞)
2 − μḡi (∞)
2−μ

1
,
ḡi2 (∞)

(18)

where r̂s2 (∞) = limn →∞ r̂s2 (n), r̂s2 (n) = [E( r 2 1(n ) )]−1
s
and rs2 (n) = xT (n)G(n)x(n), and
2) for inactive taps (i.e., i ∈ Z):
ηi (∞) = ḡi (∞) t2 ,

(19)

where t is the positive root of the quadratic function
at2 + bt − c = 0,

(20)

and
a = μ(2 − μ)ρg ḡm ax (∞),
b= 2

(21)

2
− 1 − 12
ρ (1 − μρg ḡm ax (∞)) ρg 2 ḡm ax
(∞), (22)
π

c = μ2 σv2

ρg ḡm ax (∞)
−1
+ ρ2 ρ−1
g ḡm ax (∞),
σx2

(23)

where ḡi (∞) is same as defined in Corollary 1,
and ḡm ax (n) = max{ḡi (n)|i = 0, 1, 2, . . . , L − 1} and
ḡm ax (∞) = limn →∞ ḡm ax (n).
Proof: Given in Appendix A.

Theorem 2 reveals several properties of the ZA-PNLMS algorithm as given in the following corollaries.
Corollary 2: For ρ = 0, i.e., when the ZA-PNLMS algorithm corresponds to the original PNLMS algorithm and for a
large order filter, the steady state MSD for both the active and
inactive taps is given by
ηi (∞) = ḡi (∞)

μσv2
,
(2 − μ)σx2

(24)

μσv2
(2 − μ)σx2

(25)

[which also conform to the results obtained in [21]].
Proof: First note that for long filters, the variance of rs2 (n) = ||s(n)||2 is usually small and one can
write [r̂s2 (n)]−1 = E( r 2 1(n ) ) ≈ E [r 21(n )] . Also, E[rs2 (n)] =
s

s

b
b.b
dt
=− − √
.
dρ
2a 2a b2 + 4ac
dt
Since a > 0, b > 0, c > 0 and b > 0, we have dρ
< 0. Hence
proved.

Total MSD in Presence of Zero Attraction : Note that
the
 state MSD can be written as η(∞) =
 overall steady
η
(∞)
+
i∈N Z i
i∈Z ηi (∞). For ρ = 0, i.e., for ordinary
PNLMS, as Corollary 2 shows, ηi (∞) is same for both active and inactive taps, and is also proportional to ḡi (∞). Now,
for a sparse system, ḡi (∞) for i ∈ Z is very small (close to
zero) while for i ∈ N Z, it is much higher (closer to one). Even
then,
as the number of inactive taps is very large, one may still
find i∈Z ηi (∞) to be non-negligible. However, as ρ increases
from zero, from Corollary
3 and Eq. (19), ηi (∞) decreases for

η
(∞)
may soon become negligible as
i ∈ Z and thus,
i∈Z i

compared to i∈N Z ηi (∞), which is, however, expected as the
zero attractors try to pull the inactive taps towards their true
value (i.e., zero) and thus help in reducing the MSD. The second term on the RHS of (18), on the other hand, increases with
increasing ρ which, in fact, corresponds to error introduced by
zero attraction on active taps. This term, being proportional to
ρ2 , is, however, negligible as compared to the first term that is
independent of ρ. Combining the two cases, for a sparse system,
we then have

η(∞) =

and the total steady state MSD is given by
η(∞) =

 −1
ḡi (∞) = 1. Substituting r̂s2 (∞) on the
independent, and Li=0
2
RHS of (18) by σx and noting that for ρ = 0, the second term
on the RHS of (18) is zero, it is easily seen that ηi (∞) for
i ∈ N Z satisfies (24). Again, for i ∈ Z, b in (22) and the second term of c in (23) are zero for ρ = 0 and thus, from (19) and
σ v2
μ
= ḡi (∞) (2−μ)
(20), ηi (∞) = ḡ i (∞)c
a
σ x2 . Clearly, (24) is satisfied by ηi (∞) for i ∈ Z, as well which proves (24). Further,
 −1
ḡi (∞) = 1, (25) follows trivially from (24). Hence
since Li=0
proved.

Corollary 3: As ρ increases from zero, the positive square
root t of (20) decreases.
Proof: For positive ρ and under the stability condition: 0 <
μ < 2, all the three variables, a, b and c are positive as can
be easily seen from (21)–(23).
The positive square root of (20)
√
−b+ b 2 +4ac
. Defining b = b/ρ where b is
is then given by t =
2a
given by (22) and neglecting the second term in (23) as compared
to the first term as it is proportional to ρ2 (where ρ is typically
in the range of 10−4 in contrast to ρg which is of the order of
10−2 ), one can write

E[||s(n)||2 ] = E[xT (n)G(n)x(n)] = σx2 , since, from the usual
“independence assumption” [9], G(n) and x(n) are statistically

μ
2−μ

σv2
r̂s2 (∞)

ḡi (∞).

(26)

i∈N Z

Note that the total MSD as per (26) takes the minimum value
when the ZA-PNLMS algorithm assumes the special form of
ZA-NLMS, for which, G(n) = L1 I (also, ρg = 1). In a general
case, however, the mean proportionate factors, ḡi (∞), i ∈ N Z
takes values larger than L1 and thus, the total MSD η(∞) assumes values larger than in the case of the ZA-NLMS algorithm
(the higher initial convergence rate of the former in comparison
to the latter, however, remains unchanged).
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Given (26), one can try to reduce the total MSD η(∞) further,
without affecting the convergence rate, by adopting a suitable
VSS mechanism in the coefficient update process. However, due
to the presence of the zero attractors, such VSS approach would
require appropriate adjustment of ρ, as shown in the following
section.
IV. A VSS ZA-PNLMS ALGORITHM
Before proposing the VSS ZA-PNLMS algorithm, we take a
relook into the first term on the RHS of (18), which plays the
dominant role in the overall steady state MSD, given approxiμ
which in turn
mately by (26). This term is proportional to 2−μ
is a monotonically increasing function of μ in the stable range
of μ (i.e., 0 < μ < 2). In the VSS approach, we make μ directly
related to |e(n)| or e2 (n). This ensures that as the algorithm
μ
reduces,
converges and |e(n)| decreases, μ and therefore 2−μ
thereby resulting in a lesser value of η(∞) . In the proposed
scheme, we follow the VSS approach of [25] which has the
advantage of not being overly parametric. As per this, μ(n) is
updated as
 

μ (n), if μ (n) > 0
(27)
μ(n) =
0,
otherwise,


σv
2
where μ (n) = 1 − σ̂ e (n
)+ ˜ , and σ̂e (n) is an estimate of
E(e2 (n)) that is recursively evaluated as σ̂e2 (n) = β σ̂e2 (n −
1) + (1 − β)e2 (n). The parameter β (0 < β < 1, β ≈ 1) is an
exponential weighting factor, ˜ is a small positive constant deployed to avoid division by zero and the noise variance σv2 , if
not known a priori, can be estimated as per [26].
Note that as the value of μ decreases with n, even though
the first term in (18) decreases as desired, the second term,
being inversely proportional to μ2 starts increasing, meaning
the contribution to the overall MSD from zero attraction on
the active taps tends to become appreciable. To counter this,
we also make ρ variable and update it so that as μ reduces, it
also reduces in an appropriate manner. The proposed update
relation for ρ(n) is as follows:

ρ(n) = ρ0 μ(n),

(28)

where ρ0 is a positive constant used to set the initial value
(i.e., ρ0 μ(0)) of the zero attractors. Lastly, sometimes one
comes across sparse systems in practice that have a non-trivial
number of active taps. In such cases, the overall contribution
to the MSD η(∞) by zero attraction on active taps, i.e.,

ρ 2 2−μ ḡ i (∞)
1
) ḡ 2 (∞)
may not be negligible. For such
i∈N Z μ 2 (
2−μ
i
cases, we restrict the zero attraction mostly to the inactive taps
by using a reweighted form of zero attractors [16]. As per this,
similar to RZA-PNLMS algorithm, the ith zero attractor of the
VSS ZA-PNLMS update, namely, ρ(n)sgn(wi (n)) is replaced
sgn(w i (n ))
, where ε is a positive constant that helps
by ρ(n) 1+ε|w
i (n )|
in confining the zero attraction largely to small magnitude
taps with |wi (n)| in the order of 1ε . With this modification,
the proposed VSS ZA-PNLMS algorithms changes to VSS

Fig. 1. Impulse response of the highly sparse system used in the first
experiment.

RZA-PNLMS, with the update equation of the ith tap given by
wi (n + 1) = wi (n) +
− ρ(n)

μ(n)gi (n)x(n − i + 1)e(n)
xT (n)G(n)x(n) + δP

sgn(wi (n))
,
1 + ε | wi (n) |

i = 0, 1, . . . , L − 1,

(29)

with μ(n) and ρ(n) updated as discussed above. The VSS RZAPNLMS algorithm requires about 6L + 2 additions, 6L + 5
multiplications and L + 3 divisions. For the ZA-PNLMS,
these figures are, respectively, 5L − 1, 5L + 1 and 2, while,
for the original PNLMS, the same are 4L − 1, 5L + 1 and 2,
respectively.
V. SIMULATION STUDIES
In this section, we evaluate the performance of the proposed
ZA-PNLMS, RZA-PNLMS and VSS RZA-PNLMS algorithms
via simulation studies in the context of sparse system identification. For simulations, in the first experiment, we consider a
highly sparse system with impulse response of length L = 340
as shown in Fig. 1 that has only six active taps. The system is
driven by zero mean white input x(n) of variance σx2 = 1 and
has output observation noise v(n) which is taken to be zero
mean, white Gaussian with σv2 = 10−3 . The objective here is to
study the convergence performance of the proposed algorithms
for a sparse system with white input, and also to validate some of
the results from the convergence analysis. For all the algorithms,
the step size μ and the regularization parameter (to avoid division by zero) are taken to be 0.5 and 0.01, respectively, while ρg
and δ are chosen as 0.01 and 0.001, respectively. For the RZAPNLMS algorithm, the reweighting constant ε is taken as 100.
The zero attracting coefficient ρ for the ZA-PNLMS and the
RZA-PNLMS are tuned to 0.00004 and 0.00009, respectively
for obtaining the optimum steady state MSD. The simulations
are carried out for a total of 15 000 iterations. Simulation results
are demonstrated by displaying the learning curves for the MSDs
for the above algorithms, obtained by averaging ||w̃(n)||2 over
100 experiments and then plotting the average against the iteration index n. We also evaluate contributions of the active
and inactive
taps in the total MSDsagainst time, by aver
aging i∈N Z (wi (n) − wopt,i )2 and i∈Z (wi (n) − wopt,i )2 ,
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Fig. 4. Sparse network echo path impulse response (ITU-T G.168) used in
the second experiment.
Fig. 2. Learning curves of the PNLMS, the ZA-PNLMS and the RZA-PNLMS
for the system shown in Fig. 1. Also shown are the steady state MSD of the
PNLMS and the ZA-PNLMS algorithms as per (25) and (26), respectively.

Fig. 3. Contributions of the active and the inactive taps to the total MSD of
the PNLMS, the ZA-PNLMS and the RZA-PNLMS algorithms for the system
shown in Fig. 1.

respectively over 100 experiments and then plotting the averages
against the iteration index n for the same algorithms.
Fig. 2 displays the learning curves of the ZA-PNLMS and the
RZA-PNLMS algorithms vis-a-vis the PNLMS for the system
of Fig. 1. It shows that even though all the three algorithms start
with identical, fast convergence rate, the convergence of the
PNLMS algorithm slows down after about 300 iterations or so,
whereas both the ZA-PNLMS and the RZA-PNLMS algorithms
maintain their initial fast rate of convergence and also achieve
lower steady state MSD. This is investigated further in Fig. 3 by
identifying the contributions to the MSD from the active and the
inactive taps separately in case of all the three algorithm. Fig. 3
reveals that in case of the PNLMS algorithm, the convergence of
the inactive taps slows down as the effective step sizes for them
become less and less progressively, and on the other hand, the
active taps tend to converge very fast, in about 300 iterations and
then, slow down even with the higher effective step size, which is
probably due to the noisy estimate of the inactive taps. In case of
the RZA-PNLMS and the ZA-PNLMS algorithms, however, the
inactive taps come under the influence of an additional force, exerted by the zero attractors, which try to pull them towards their
true value, i.e., zero. As a result, for both the RZA-PNLMS and
the ZA-PNLMS algorithms, the inactive taps converge quickly
to −60 dB or less in about 800 iterations or so (the slight difference between the steady state MSD levels of the RZA-PNLMS
and the ZA-PNLMS algorithms is due to difference in the value

of ρ chosen). It is also interesting to note that in this case, the
active taps also converge to their steady state level in about 800
iterations, i.e., the convergence rate of the active taps also improves which is possibly due to the better estimate obtained in
the inactive taps. Thereby, the total MSD for both the algorithms
converges in about 800 iterations as can be seen from Fig. 2.
Further, the figure also shows that both the above mentioned
zero attracting algorithms attain almost 3 dB improvements in
the steady state MSD vis-a-vis the PNLMS algorithm and that
their learning curves are also identical. This incidentally shows
that the reweighting process involved in the RZA-PNLMS algorithm has negligible effect vis-a-vis the ZA-PNLMS for a
highly sparse system. Lastly, Fig. 2 is seen to validate the expressions for the steady state MSD obtained for the PNLMS and
the ZA-PNLMS algorithms in (25) and (26), respectively.
Next, to study the performance of the VSS RZA-PNLMS, we
consider the sparse network echo path as per ITU-T G.168 that
has an impulse response of duration 0.064 s (or, equivalently,
length 512 at 8 KHz sampling rate), with a total of 51 active
taps as shown in Fig. 4. The network echo path was identified by the proposed VSS RZA-PNLMS algorithm , taking the
system input x(n) to be a zero mean, unit variance white sequence and using the following choice of algorithm parameters:
ε = 100, δP = 0.01, ρg = 0.01, δ = 0.01, ρ0 = 0.000002 and
σv2 = 0.001. For comparative assessment of its performance,
same identification exercise was also carried out by some of
the well known or closely related sparse adaptive filters, like,
the conventional PNLMS, VSS-PNLMS, VSS-IPNLMS (obtained by applying the VSS mechanism (27) to PNLMS and
IPNLMS, respectively, with β = 0.997) and also the proposed
RZA-PNLMS (with ρ = 0.000002). For fastest convergence, μ
was set at one for both PNLMS and RZA-PNLMS. The performance of each algorithm was assessed by evaluating the normal||w (n )−w o p t ||2
and taking its
ized misalignment χ(n) = 10 log10
||w o p t ||2
ensemble average over 20 experiments. The corresponding plots
vis-a-vis the iteration index n, i.e., the learning curves, are shown
in Fig. 5. The figure again confirms that for sparse systems, the
RZA-PNLMS algorithm enjoys both faster convergence rate as
well as lesser steady state MSD as compared to the PNLMS
algorithm due to zero attraction on a large number of (inactive) taps. Also, the MSD reduces considerably in comparison
to PNLMS (by about 10 dB) in case of the VSS-PNLMS and
the VSS-IPNLMS algorithms, though the convergence rate remains comparable to that of PNLMS. The proposed VSS RZA-
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Fig. 5. Learning curve of the proposed VSS RZA-PNLMS algorithm vis-a-vis
those of a few other recently proposed algorithms for the system shown in Fig. 4
with white input.
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Fig. 7. Learning curve of the proposed VSS RZA-PNLMS algorithm vis-a-vis
those of PNLMS, VSS-PNLMS and RZA-PNLMS (proposed) for colored input
with the system undergoing sudden change at 0.625 s.

Fig. 6. Speech signal used to identify and track the system impulse response
that undergoes sudden change at the 20th second in the third experiment. The
actual signal used is obtained by repeating the above waveform 16 times.

PNLMS algorithm, on the other hand, enjoys both the faster
initial convergence rate of the RZA-PNLMS as well as the very
low steady state MSD of the VSS-PNLMS and the VSS-IPNLMS
simultaneously, as clearly shown by Fig. 5. Lastly, for comparing convergence rates under same steady state MSD conditions,
the PNLMS algorithm was also simulated with μ = 0.2 that
produces the same MSD as that of the VSS RZA-PNLMS. The
rate of convergence of the PNLMS algorithm in this case is seen
to become much slower than the VSS RZA-PNLMS as shown
by Fig. 5.
Next we consider the case of colored input including speech
signals. Also, we try to evaluate the tracking performance of
the proposed algorithms by considering sudden changes in the
system impulse response. For these, we start with the system of
Fig. 4. In particular, we consider two scenarios:
A) In this, the system is fed with a colored input x(n)
generated by driving an AR(1) model with zero mean, unit
variance white
√ noise u(n), with the model given by, x(n) =
rx(n − 1) + 1 − r2 u(n) (r = 0.7). The system impulse response is given a sudden change at 0.625 s, with the new impulse response obtained by applying a right circular shift to
the impulse response given in Fig. 4 by 30 samples (i.e., the
length of the impulse response remains same with the cluster
of active samples moving right by 30 samples). The system
is identified and tracked by four algorithms, namely, PNLMS,
VSS-PNLMS, the proposed RZA-PNLMS as well as the VSS

Fig. 8. Learning curve of the proposed VSS RZA-PNLMS algorithm vis-a-vis
those of PNLMS, VSS PNLMS and RZA-PNLMS (proposed) for speech input
with the system undergoing sudden change at the 20th second.

RZA-PNLMS, with the following set of parameters: σv2 = 10−3
( SNR = 30 dB), ρ = 4 × 10−6 , ρ0 = 4 × 10−6 and β = 0.997
(other parameters remaining same as used in the context of
Fig. 5).
B) Here, the system is driven by a test speech signal obtained
by repeating the speech waveform of Fig. 6 16 times, with
the system impulse response undergoing same sudden changes
as above, at 20th second . The same four algorithms as used
in (A) are used with identical set of parameters except for
the following: SNR = 34.68 dB, σv2 = 10−5 , ρ = 1 × 10−6 ,
ρ0 = 1 × 10−6 and β = 0.9997. The simulation results for (A)
and (B) are demonstrated by plotting the learning curves in
Figs. 7 and 8, respectively. From both Figs. 7 and 8, it is
easily seen that as before, the proposed VSS RZA-PNLMS
algorithm attains steady state MSD lesser than that reached
by RZA-PNLMS, PNLMS and VSS-PNLMS even when the
system impulse response undergoes abrupt changes. The VSS
RZA-PNLMS algorithm, like the VSS-PNLMS, is, however,
somewhat slower in responding to the sudden change in the system impulse response as compared to the other two. This may

be due to the dependence of σ̂e (n) in μ (n) (i.e., (27)) on the
system’s past through past samples of e(n).
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VI. CONCLUSION
The PNLMS algorithm is one of the most popular algorithms
for sparse adaptive filtering and sparse system identification. In
this paper, an attempt has been made to overcome some of the
shortcomings associated with the convergence of the PNLMS
algorithm. For this, first a carefully constructed l1 norm (of the
coefficients) penalty is introduced in the PNLMS cost function which favors sparsity. This results in certain zero attractor
terms in the PNLMS weight update equation which help in the
shrinkage of the coefficients, especially the inactive taps, thereby
arresting the slowing down of convergence and also producing lesser steady state EMSE. The paper carries out a detailed
first and second order convergence analysis of the proposed
zero-attracting PNLMS (ZA-PNLMS) algorithm. The analysis
reveals that one can achieve further reduction in the EMSE
(without affecting the convergence rate) by deploying a VSS
in the weight update process. However, due to the presence of
the zero attractors, this requires the zero attracting coefficient
associated with the zero attractors also to be updated time recursively. Simulation results confirm superior performance of the
proposed algorithms vis-a-vis the existing methods. In particular, it shows that the proposed VSS ZA-PNLMS algorithm can
combine the very fast convergence rate of certain fast converging versions of the PNLMS algorithm with the very low steady
state EMSE of some other categories of the PNLMS family.

T
Let Ks (n) = E( w̃N (n)w̃N
(n) ) be the weight error correlation matrix for the equivalent model and let its ith diagonal
entry, i = 0, 1, . . . , L − 1, be denoted as λ̃s,i (n), i.e., λ̃s,i (n) =
2
[Ks (n)]i,i ≡ E[w̃N
,i (n)], where w̃N ,i (n) = [w̃N (n)]i . Now,
1
given w̃(n) = G 2 (n)w̃N (n), we have, ηi (n) = E[w̃i2 (n)] =
2
E[gi (n)w̃N
,i (n)]. Assuming as before that gi (n) changes only
marginally with time in the steady state and thus becomes largely
2
uncorrelated with w̃N
,i (n) as n → ∞, we can then write, from
above, ηi (∞) = ḡi (∞)λ̃s,i (∞). To evaluate λ̃s,i (∞), we consider the dynamics of Ks (n). From (13) (where we neglect
the regularization parameter δ) and also the aforesaid “independence assumption” on wN (n) vis-a-vis s(n), the recursive form
of Ks (n) can be written as
T
Ks (n + 1) = E(w̃N (n + 1)w̃N
(n + 1))

I−

μs(n)sT (n)
sT (n)s(n)

Ks (n) I −

s(n)s (n)
 s(n) 4

I−

E(v 2 (n))

1

μs(n)sT (n)
sT (n)s(n)

1

w̃N (n)sgnT (wN (n))G− 2 (n)

T
+ ρE G− 2 (n)sgn(wN (n))w̃N
(n) I −

+ l3 (n) + l4 (n) + l5 (n),

(A.2)

where l1 (n), l2 (n), l3 (n), l4 (n) and l5 (n) are given and also
analyzed below

×

I−μ
I−μ

s(n)sT (n)
sT (n)s(n)

s(n)sT (n)
sT (n)s(n)

K(n)
ei .

Replacing s(n) by ss (n) rs (n) vs (n) and using the angular discretization model, we can write
L

l1 (n) =
j =1

λs,j (n) T
(e (I − μej eTj )
Tr(S(n)) i

× Ks (n)(I − μej eTj )ei ).
Using the orthonormality of the eigenvectors of S(n) (i.e.,
λs , j (n )
eTi ej = δ(i − j)) and the fact that Tr[S(n
)] = ḡj (n), we
2
can simplify
the above as l1 (n)

 = ḡi (n)(1 − μ) λ̃s,i (n) +
λ̃s,i (n) j =i ḡj (n). Noting that j =i ḡj (n) = 1 − ḡi (n), we
then obtain

(ii) l2 (n) = μ2 E(v 2 (n))eTi E



1
1
+ ρ2 E G− 2 (n)sgn(wN (n))sgnT (wN (n))G− 2 (n)
+ ρE

λ̃s,i (n + 1) = l1 (n) + l2 (n)

l1 (n) = [1 − μ(2 − μ)ḡi (n)] λ̃s,i (n).

μs(n)sT (n)
sT (n)s(n)

T

+ μ2 E

teresting to observe that λ̃s,i (n) = [Ks (n)]i,i can be written as
eTi Ks (n)ei . Premultiplying and postmultiplying both the LHS
and the RHS of (A.1) by eTi and ei , respectively, we can then
express λ̃s,i (n) as

(i) l1 (n) = eTi E

APPENDIX
PROOF OF THEOREM 2

=E

where we have ignored the cross terms that become zero as v(n)
is zero mean and statistically independent of s(n). Next note
that x(n) is white, i.e., E[x(n)xT (n)] = σx2 I and thus, S(n) =
E[s(n)sT (n)] = σx2 E[G(n)]: a diagonal matrix, implying that
the eigenvalues of S(n) are given by λs,i (n) = [S(n)]i,i, =
σx2 ḡi (n), i = 0, 1, . . . , L − 1, and the corresponding eigenvectors are given by the standard basis of RL , i.e., {ei |i =
0, 1, . . . , L − 1}, where ei = [0, . . . , 0, 1, 0, . . . , 0]T with the
“1” occurring at the ith position from top (note that the eigenvectors in this case are time invariant, i.e., same for all n). Also
note that Tr[S(n)] = σx2 .
To simplify the evaluation of (A.1), we now invoke the angular
discretization model discussed in Section III-B and replace s(n)
by ss (n) rs (n) vs (n) as given by (12), where vs (n) ∈ {ei | i =
λs , i (n )
0, 1, . . . , L − 1} with P (vs (n) = ei ) = Tr(S(n
)) . It is also in-

μs(n)sT (n)
sT (n)s(n)
(A.1)

s(n)sT (n)
 s(n) 4

ei . (A.3)

As before, we substitute s(n) by ss (n)rs (n)vs (n). Since
s2s (n) = 1 and rs (n) is statistically independent with vs (n),
)s T (n )
1
T
one can then write, E( s(n
s(n )4 ) = E( r s2 (n ) )E[vs (n)vs (n)].

L −1 λs , i (n )
T
Writing E[vs (n)vsT (n)] as
and noti=0 Tr(S(n )) ei ei
L −1
T
ing that S(n) = i=0 λs,i (n)ei ei , this can be written as
)s T (n )
S(n )
1
E( s(n
s(n )4 ) = E( r s2 (n ) ) Tr(S(n )) . Making substitutions in the
expression for l2 (n) above, noting that eTi S(n)ei = λs,i (n)
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and recalling that E(v 2 (n)) = σv2 , r̂s2 (n) = [E( r 2 1(n ) )]−1 and
λs , i (n )
Tr[S(n )]

s

observe that as n → ∞,

= ḡi (n), we have

E([w˜N (n)]i sgn([w(n)]i )) ≈

l2 (n) = μ2 σv2

1
r̂s2 (n)

ḡi (n).

(A.4)

(iii) l3 (n) = ρ2 eTi C(n)ei , where C(n) = E(G− 2 (n)
1
sgn(wN (n))sgnT (wN (n))G− 2 (n)). Clearly,
1

l3 (n) = ρ2 [C(n)]i,i

ρeTi

l4 (n) =
F(n)ei
where
μs(n )s T (n )
T
− 12
)
w̃
(n)sgn
(w
(n))G
(n)).
N
N
s T (n )s(n )

(A.5)

=

L −1

1
r̂s2 (∞)

μ
σ2
2−μ v
+2

F(n) = E((I −
Clearly,


λs,j (n)  T 
ei I − μej eTj E(w˜N (n)
Tr(S(n))
j =0

1
× sgnT (wN (n)))E(G− 2 (n))ei

ρ − 32
ḡ (n).
μ i

(A.9)

Substituting in (A.8), we observe that convergence condition for
λ̃s,i (n) for active taps is given by −1 < 1 − μ(2 − μ)ḡi (n) <
1, which after some manipulations leads to 0 < μ < 2. Under
this, letting n → ∞, we obtain
λ̃s,i (∞) =

= ρ2 [E(G−1 (n))]i,i ≈ ρ2 ḡi−1 (n).
(iv)
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+

ρ2
ḡ −2 (∞)
μ(2 − μ) i

ρ (1 − μḡi (∞)) − 12
ḡ (∞)
μ(2 − μ)ḡi (∞) i

μ
2−μ

σv2
2
r̂s (∞)

+

ρ − 32
ḡ (∞)
μ i

ρ2 (2 − μḡi (∞)) −3
ḡi (∞).
μ2 (2 − μ)

l4 (n) = ρ

= ρ (ḡi (n)(1 − μ) + 1 − ḡi (n))
× E([w˜N (n)]i sgn([w(n)]i ))[E(G

(A.10)

(A.6)
− 12

(n))]i,i

−1

≈ ρ (1 − μḡi (n)) ḡi 2 (n)E([w˜N (n)]i sgn([w(n)]i )),
(A.7)
where, as before, we have assumed that the diagonal elements
of G(n) have marginal variance, especially in the steady state
and thus, the statistical independence between w(n) and x(n)
can be extended to wN (n) and s(n) as well.
(v) l5 (n) = ρeTi P(n)ei , where P(n) = FT (n). Clearly,
l5 (n) = l4 (n).
Substituting (A.3)–(A.7) and replacing l5 (n) by l4 (n) in
(A.2), we obtain
λ̃s,i (n + 1) = [1 − μ(2 − μ)ḡi (n)] λ̃s,i (n)
+ μ2 σv2

1
r̂s2 (n)

ḡi (n) + ρ2 ḡi−1 (n)
−1

+ 2ρ (1 − μḡi (n)) ḡi 2 (n)E([w˜N (n)]i sgn([w(n)]i )).
(A.8)
Note that the recursion of λ̃s,i (n) depends on E
([w˜N (n)]i sgn([w(n)]i )), which we evaluate separately for the
active and the inactive taps as given below.
(a) Active Taps (i ∈ N Z): We assume that the active taps
are having significantly large magnitudes and thus, we may
approximate sgn(wi (n)) = sgn(wopt,i ) ∀i ∈ N Z [especially
near convergence]. Therefore, E([w˜N (n)]i sgn([w(n)]i )) ≈
sgn(wopt,i )E([w˜N (n)]i ). From Theorem 1, for large
1
))
n, E([w˜N (n)]i ) = ρTr(S(n
(S−1 (n)E(G− 2 (n))sgn(w(n)))i ,
μ
1
2

where we have used the fact that sgn(w(n)) = sgn(G (n)
wN (n)) = sgn(wN (n)). Making the substitutions Tr(S(n)) =
ḡ −1 (n )

−1

σx2 , [S−1 (n)]i,i ≈ i σ 2 , [E(G− 2 (n))]i,i ≈ ḡi 2 (n) and using
x
the fact that sgn(wopt,i )sgn([w(n)]i ) = [sgn(wopt,i )]2 = 1, we
1

Substituting (A.10) in the relation ηi (∞) = ḡi (∞)λ̃s,i (∞), the
result (18) follows trivially.
(b) Inactive Taps (i ∈ Z): For the inactive taps,
wopt,i = 0, i ∈ Z, and thus, we have sgn([w(n)]i ) =
sgn(wi (n)) = −sgn(w̃i (n)) = −sgn(w̃N ,i (n)) as w̃i (n) =
wopt,i − wi (n) = −wi (n), sgn(w̃N ,i (n)) = sgn(−wN ,i (n)) =
−1

−1

sgn(−gi 2 (n)wi (n)) = sgn(gi 2 (n)w̃i (n)) = sgn(w̃i (n)) and
gi (n) = [G(n)]i,i > 0. We now invoke the “Price’s Theorem”
[27], which states that if x, y are two zero mean, jointly Gaussian
random variables, then, we have
E(xsgn(y)) =

1
σy

2
E(xy).
π

(A.11)

Note
also that when x = y, (A.11) implies E(abs(y)) =

2
2
2
π σy , where σy = E(y ). Then, assuming that each wN ,i (n)
(or equivalently, w̃N ,i (n)) is Gaussian distributed and noting
from 14 that in the steady state, E(wN ,i (n)) ≈ 0 as wopt,i = 0
and ρ is very small, we can write
E((w̃N (n))i sgn((w(n))i ) = −E((w̃N ,i (n))sgn(w̃N ,i (n))

2
2
2 (n)) = −
=−
E(w̃N
(A.12)
λ̃s,i (n).
,i
π
π
Substituting in (A.8), we obtain
λ̃s , i (n + 1) = [1 − μ(2 − μ)ḡi (n)] λ̃s , i (n)
+ μ2 σv2 E

1
rs2 (n)

ḡi (n)
− 12

+ ρ2 ḡi−1 (n) − 2ρ (1 − μḡi (n)) ḡi

(n)

2
π



λ̃s , i (n).
(A.13)

Convergence of λ̃s,i (n) then requires −1 < [1
− μ(2 −
−1

μ)ḡi (n)] < 1 and also −1 < 2ρ(1 − μḡi (n))ḡi 2 (n) π2 < 1.
It is easy to see that these are satisfied simultaneously
 for 0 <

μ < 2 with small value of ρ (specifically 0 ≤ ρ < π ḡ i8(n ) ).
Under this and letting n → ∞ on both sides of (A.13), we then
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have
μ(2 − μ)ḡi (∞)λ̃s,i (∞)
−1

+ 2ρ (1 − μḡi (∞)) ḡi 2 (∞)
−

μ2 σv2

2
π

ḡi (∞)
+ ρ2 ḡi−1 (∞)
r̂s2 (∞)



λ̃s,i (∞)

= 0.

(A.14)

Now, since wopt,i = 0 for i ∈ Z, in steady state, gi (n) =
ρg gmax (n), where gmax (n) = max{gi (n)|i = 0, 1, . . . , L − 1}
(which follows from the definition of G(n)). Thus, gi (n) is
common for all the inactive taps, meaning ḡi (n) in (A.14) can be
replaced by ρg ḡmax (n). It then follows from (A.14) that λ̃s,i (∞)
is given by square of the positive root of the following quadratic
equation:
at2 + bt − c = 0,

(A.15)

a = μ(2 − μ)ρg ḡmax (∞),

(A.16)

where

b=2

2
− 1 − 12
ρ (1 − μρg ḡmax (∞)) ρg 2 ḡmax
(∞),
π

c = μ2 σv2

ρg ḡmax (∞)
−1
+ ρ2 ρ−1
g ḡmax (∞).
σx2

(A.17)

(A.18)

Note that since a, b, c are independent of i, i.e., same for all
i ∈ Z, λ̃s,i (∞) is same for all inactive taps. From this and the
above, and recalling that ηi (∞) = ḡi (∞)λ̃s,i (∞), the relation
(19) follows trivially and this completes the proof.
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